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Singular and non-singular transformations
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Rank of linear transformations
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Rank of linear transformations
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Negative determinants?
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Determinant of a product
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Determinant of a product

det(AB) = det(A) det(B)
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Determinant of a product
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Determinant of a product
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Quiz

e The product of a singular and a non-singular matrix (in any order) is:
e Singular
e Non-singular
e Could be either one
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Solution

e |f Ais non-singular and B is singular, then det(AB) = det(A) x det(B) =
0, since det(B) = 0. Therefore det(AB) = 0, so AB is singular.
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When one factor is zero




When one factor is singular...
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e Find the determinants of the following matrices
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Solution

Det

04 02
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Determinant of an inverse
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Determinant of an inverse
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Determinant of an inverse
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Determinant of an inverse
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Determinant of an inverse
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Determinant of an inverse
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Determinant of an inverse
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Determinant of an inverse

det(A~1) = i)
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Why?
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Why?
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Why is this?

det(AA~") = det(A) det(A~1)
det(A‘l) =

det(A)

®@DeeplLearning.Al



Why?
det(AB) = det(A) det(B)

Why is this?

det(AA~") = det(A) det(A~1)

det(A™1) = : T
det(A) det(I) = det(A) det(A™")

@ DeepLearning.Al



Why?
det(AB) = det(A) det(B)

. 1 det(AA™") = det(A) det(A™")
det(A™1) = T
det(A) det(I) = det(A) det(A™")

1
det(A)

@ DeepLearning.Al




Why?
det(AB) = det(A) det(B)

. 1 det(AA™") = det(A) det(A™")
det(A™1) = T
det(A) det(I) = det(A) det(A™")

1 1
det(A)

@ DeepLearning.Al




Determinant of the identity matrix
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Determinant of the identity matrix
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Is this a basis?
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Is this a basis?
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Is this a basis for something?
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A basis is a minimal spanning set

A A
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A basis is a minimal spanning set
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A basis is a minimal spanning set
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A basis is a minimal spanning set
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A basis is a minimal spanning set
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A basis is a minimal spanning set
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A basis is a minimal spanning set
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A basis is a minimal spanning set
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Number of elements in the basis is the dimension

A A
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Number of elements in the basis is the dimension

A A

®@DeeplLearning.Al



Number of elements in the basis is the dimension
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Number of elements in the basis is the dimension

1 element
Dimension = 1
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Number of elements in the basis is the dimension
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Number of elements in the basis is the dimension

1 element 2 elements in the basis
Dimension = 1 Dimension = 2
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X 3
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003 y 0 3 y
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Finding eigenvalues

A A

201 x 130 «x
003 y 0 3 y

v v
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Finding eigenvalues

A A

201 x 130 «x
003 y 0 3 y

For infinitely
many points

A
v
A
v

v v
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Finding eigenvalues

A A

201 x 130 «x
003 y 0 3 y

For infinitely
many points

(-- 30

v
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v v
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For infinitely
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Finding eigenvalues
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For infinitely
many points

(--__ 2 0 Ll .
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For infinitely
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Finding eigenvalues

A

A
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--y 0

v

v

@DeepLearning.Al



Finding eigenvalues
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For infinitely
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Finding eigenvalues
2 1
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Finding eigenvalues
2 1

If A is an eigenvalue: --
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Finding eigenvalues

If A is an eigenvalue:
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Finding eigenvalues

2 1 x _2 0 «x
003y 0 4y

If A is an eigenvalue:
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Finding eigenvalues
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If A is an eigenvalue:
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Finding eigenvalues
-- - --- X For infinitely many (x,y)

If A is an eigenvalue:

003y 0 4y
24 1 x _ o0
031y o0
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Finding eigenvalues

’ . X For infinitel
-- ) y many (x,y)
y -- y

22 1 x _ o0

-- y - 0 Has infinitely many solutions

If A is an eigenvalue:
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Finding eigenvalues

’ . X For infinitel
-- ) y many (x,y)
y -- y

22 1 x _ o0

If A is an eigenvalue:

-- y - 0 Has infinitely many solutions
det -- =0
0 32
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Finding eigenvalues

’ . X For infinitel
-- ) y many (x,y)
y -- y

22 1 x _ o0

If A is an eigenvalue:

-- y - 0 Has infinitely many solutions
det -- =0
0 32

@Deeplearning.Al



Finding eigenvalues

’ . X For infinitel
-- ) y many (x,y)
y -- y

22 1 x _ o0

If A is an eigenvalue:

-- y - 0 Has infinitely many solutions
Characteristic polynomial Q2-)B=2)—-1-0=0

@Deeplearning.Al



Finding eigenvalues

’ . X For infinitel
-- ) y many (x,y)
y -- y

22 1 x _ o0

If A is an eigenvalue:

-- y 0 Has infinitely many solutions
- _ -
Characteristic polynomial Q2-D3=2)-1-0=0 =2
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Finding eigenvectors
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Eigenvalues:
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Finding eigenvectors
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Eigenvalues:

Solve the equations
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Finding eigenvectors
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Eigenvalues:
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Solve the equations
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03y
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Finding eigenvectors

Eigenvalues:
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Solve the equations

21 x 24y = 2x
-- y Ox + 3y =2y

®@DeeplLearning.Al



Finding eigenvectors

Eigenvalues:

o~ N
Il
USIN )

Solve the equations

-- X 2x +y =2x x=1
0 3y Ox +3y = 2y y=0
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Finding eigenvectors

Eigenvalues:

o~ N
Il
USIN )

Solve the equations

-- X 2x+y =2x x=1 1
-- y Ox + 3y =2y y=0 0
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Finding eigenvectors

Eigenvalues:

>N
o

W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

2 1 X x
03y Y
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Eigenvalues:
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W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

-- X X 2x+y =3x
-- y : y Ox + 3y =3y
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Finding eigenvectors

Eigenvalues:

>N
o

W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

-- X X 2x +y =3x x=1
0 8y oy Ox + 3y = 3y y=1
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Finding eigenvectors

Eigenvalues:

>N
o

W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

-- X ; X 2x+y =3x x=1 1
-- y y Ox + 3y = 3y y=1 1
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Quiz
e Find the eigenvalues and eigenvectors of this matrix:
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Solution

e FEigenvalues: 11, 1
e Eigenvectors: (2,1), (-1,2)

e The characteristic polynomial is

o4 4
det =O0-4)3-4)-4-4=0
43

e Which factorsas A>-124+11=Q-1D@A-1)

A=1
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Finding eigenvalues

A A

2 1 x 8 0 «x
003 y 0 3 y
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Finding eigenvalues

2 1 x 8 0 «x
003 y 0 3 y

For infinitely
many points

e =
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Finding eigenvalues

2 1 x 8 0 «x
003 y 0 3 y

For infinitely
many points
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Finding eigenvalues

A A

2 1 x 8 0 «x
003 y 0 3 y

For infinitely
many points

T e
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Finding eigenvalues

A A

2 1 x 8 0 «x
003 y 0 3 y

For infinitely
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Finding eigenvalues
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For infinitely
many points
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Finding eigenvalues
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Finding eigenvalues
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Finding eigenvalues

2 1 x _2 0 «x
003y 0 4y
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2 1 x _2 0 «x
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Finding eigenvalues
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y -- y

22 1 x _ o0

If A is an eigenvalue:

-- y 0 Has infinitely many solutions
- _ -
Characteristic polynomial Q2-D3=2)-1-0=0 =2
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Finding eigenvectors

A=2
A=3

Eigenvalues:
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Finding eigenvectors

A=2
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Eigenvalues:

Solve the equations
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Finding eigenvectors
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Eigenvalues:

>N

Solve the equations

21 x
03y
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Finding eigenvectors
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Solve the equations

21 x 24y = 2x
-- y Ox + 3y =2y
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Finding eigenvectors

Eigenvalues:
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Il
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Solve the equations

-- X 2x +y =2x x=1
0 3y Ox +3y = 2y y=0
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Solve the equations

-- X 2x+y =2x x=1 1
-- y Ox + 3y =2y y=0 0
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Finding eigenvectors

Eigenvalues:
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W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

2 1 X x
03y Y

®@DeeplLearning.Al

I
[O¥]



Finding eigenvectors

Eigenvalues:

>N
o

W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0
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Finding eigenvectors

Eigenvalues:
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W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

-- X X 2x +y =3x x=1
0 8y oy Ox + 3y = 3y y=1
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Finding eigenvectors

Eigenvalues:
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o

W N

Solve the equations

-- X -, X 2x+y =2x x=1 1
-- y y Ox + 3y =2y y=0 0

-- X ; X 2x+y =3x x=1 1
-- y y Ox + 3y = 3y y=1 1
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Quiz
e Find the eigenvalues and eigenvectors of this matrix:

®@DeeplLearning.Al



Solution

e FEigenvalues: 11, 1
e Eigenvectors: (2,1), (-1,2)

e The characteristic polynomial is

o4 4
det =O0-4)3-4)-4-4=0
43

e Which factorsas A>-124+11=Q-1D@A-1)

A=1
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Matrices as linear transformations
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Matrices as linear transformations
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40§ -— >
v v
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Matrices as linear transformations
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Matrices as linear transformations
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Matrices as linear transformations
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Matrices as linear transformations
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Matrices as linear transformations
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Matrices as linear transformations
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Span of the rows

Non-singular Singular Singular
® J ® J ® J
31 ERER 0 0
12 2 2 U
Rank =2 Rank = 1 Rank =0
—> —> —>
The whole plane Aline A point
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Basis vectors

Non-singular Singular
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The whole plane Aline

Singular

® J
0o
0o

Rank =0

A point
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Linear transformation
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Linear transformation
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Math for Machine Learning

Vectors
Matrices
Dot product

Matrix multiplication
Linear transformations
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A matrix and its corresponding system of equations
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A matrix and its corresponding system of equations

®» J
1 1

1 2
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A matrix and its corresponding system of equations

®» J ®» J
1 1 1

1
1 2 2 2
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A matrix and its corresponding system of equations

®» J ®» J ® J
1 1 1 1 0 o0
12 2 2 0 o0
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A matrix and its corresponding system of equations

System 1
y ®» J ®» J ® J
-g+ B=0 1 1 1 1 0 0
ca+2b=0 1 2 2 2 0 0
®» X
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A matrix and its corresponding system of equations

System 1 ®» System 2 » »
ca+ b=0 11 * a+ b=0 11 gy
® J ®» J
ca+2b=0 1 2 «2a+2b=0 2 2 0 0
®» W Y
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A matrix and its corresponding system of equations

System 2 » System 3 »

System 1
y ® J
e Qa+0b=0 0 0

ca+ b=0 1 1 « a+ b=0 1 1

®» J ®» J

«a+2b=0 T 2 «2a+2b=0 2 2 «0a+0b=0 0 0
®» Y W
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A matrix and its corresponding system of equations

System 1 ®» System 2 » System 3 ®» J

ca+ b=0 11 « a+ b=0 1 1 *0a+0b=0 0 0
® J ®» J
ca+2b=0 T2 «2a+2b=0 2 2 «0a+0b=0 o 0
®» w

The only two numbers a,
b, such that

@ DeepLearning.Al



A matrix and its corresponding system of equations

System 1 ®» System 2 » System 3 ®» J

ca+ b=0 1 1 - a+ b=0 1 1 *0a+0b=0 0 0
®» J ®» J

ca+2b=0 T2 «2a+2b=0 2 2 «0a+0b=0 o 0
®» w

The only two numbers a, Any pair (x, -x) satisfies that

b, such that cath=0

catb=0 and

and *a+t2b=0

*a+t2b=0 For example:

are: (1,-1), (2,-2), (-8,8), etc.

a=0 and b=0
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A matrix and its corresponding system of equations

System 1 ®» System 2 » System 3 ®» J

ca+ b=0 1 1 - a+ b=0 1 1 *0a+0b=0 0 0
®» J ®» J

ca+2b=0 T2 «2a+2b=0 2 2 «0a+0b=0 o 0
®» Y w

The only two numbers a, Any pair (x, -x) satisfies that Any pair of numbers satisfies that

b, such that cath=0 * 0a+0b =0

catb=0 and and

and *a+t2b=0 * 0a+Ob =0

*a+t2b=0 For example: For example:

are: (1,-1), (2,-2), (-8,8), etc. (1,2), (3,-9), (-90,8.34), etc.

a=0 and b=0
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The set of solutions of a system of equations

System 1 System 2 System 3
ca+ b=0 at+ b=0 *0a+0b=0
®» J ®» J
ca+2b=0 2a+2b=0 *0a+0b=0
®» Y W
AJDb AJD AJDb
(0,0)
> < > < P>
a® a® a®
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The set of solutions of a system of equations

System 1 System 2 System 3
Soluti
ca+ b=0 clution - a+ b=0 - 0a+0b=0
» J ca=0 » J
ca+2b=0 *b=0 «2a+2b=0 «0a+0b=0
®» 2 oW
AJDb AJD AJDb
(0,0)
> < P < >
a® a® a®
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The set of solutions of a system of equations

System 1 System 2 System 3
Soluti
ca+ b=0 clution - a+ b=0 - 0a+0b=0
» J ca=0 » J
ca+2b=0 *b=0 «2a+2b=0 «0a+0b=0
®» 2 oW
A)D AJb A
/ (-4.4) s"
(0,0)
< > < > < >
a® a® a®
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The set of solutions of a system of equations

System 1 System 2 System 3
.a+ p=g  Solution - a+ b=0 - 0a+0b=0
®» J ca=0 » J
ca+2b=0 *b=0 «2a+2b=0 - 0a+0b=0
®» 2 oW
A)D AJD A
/ (4.4) sP
(0,0) 0,0)
< > < > < >
a® a® a®
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The set of solutions of a system of equations

System 1 System 2 System 3
Soluti
ca+ b=0 clution - 0a+0b=0
®» ea=0
ca+2b=0 *b=0 «0a+0b=0
®» Y
A0b 2Ib
(0,0)
> < >
a® a®
v

v
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The set of solutions of a system of equations

System 1 System 2 System 3
ca+ b=0 Solu_tlon . a2+ b=0 Solutions . 03 +0b=0
®» J ca=0 » J e any a
ca+2b=0 *b=0 «2a+2b=0 °*b=-a «0a+0b=0
®» Y oW Y
AJDb AJD AJDb

('414)
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The set of solutions of a system of equations

System 1 System 2 System 3
ca+ b=0 Solu_tlon . a2+ b=0 Solutions . 03 +0b=0
®» J ca=0 » J e any a

ca+2b=0 *b=0 «2a+2b=0 °*b=-a «0a+0b=0
®» Y oW Y

40D
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The set of solutions of a system of equations

System 1 System 2 System 3
s o+ b=0 Solution . a2+ b=0 Solutions . 03 +0b=0
®» J ca=0 » 2 canya
ca+2b=0 *b=0 +2a+2b=0 *bh=-a - 0a+0b=0
® X
4D
(0,0)
< >

v
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The set of solutions of a system of equations

System 1 System 2 System 3
s o+ b=0 Solution . 0a+0b=0 Solutions
® ) ceaqa=0 *anyd
ca+2b=0 *b=0 «0a+0b=0 e any b
® ¥
4D
(0,0)
< >
a®

v
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 o0 Null space
cea=0 e any a e anya
T2 =0 202 «b=-a 000 canyb
A0 420
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The null space of a matrix

® J

1 1
1 2

Dimension =

A0b

® J
Null space 1 1 Null space
cea=20 e anya
cb=0 2 2 p=-ua
0
4D

®@DeeplLearning.Al
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Null space
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 o0 Null space
ca=0 e anya - any a
1 2 .p-0 I 0 0 Lanyb
Dimension =0 Dimension =1
200 A0
(0,0)
<+ ® > <+ >
ad® al®
v Vv
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 o0 Null space
ca=0 e anya - any a
1 2 eh =0 2 2 ebh=—aqa 0 0 eanyb
Dimension =0 Dimension =1 Dimension = 2

A0b AIb
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 0 Null space
ca=0 e anya - any a
1 2 .p-0 I 0 0 Lanyb
Dimension =0 Dimension =1 Dimension = 2

: N I
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 0 Null space
ca=0 e anya - any a
1 2 .p-0 I 0 0 Lanyb
Dimension =0 Dimension =1 Dimension = 2

: N I

Non-singular
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 0 Null space
ca=0 e anya - any a
1 2 ebh=0 2 2 ebh=—a 0 0 eanyb
Dimension =0 Dimension =1 Dimension = 2
' N\ L
Non-singular Singular
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 0 Null space
cea=0 e any a e anya
1 2 ebh=0 2 2 ebh=—a 0 0 eanyb
Dimension =0 Dimension =1 Dimension = 2
: N\ L
Non-singular Singular Singular
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The null space of a matrix

® J ® J ® J
1 1 Null space 1 1 Null space 0 0 Null space
cea=0 e any a e anya
1 2 ebh=0 2 2 ebh=—a 0 0 eanyb
Dimension =0 Dimension =1 Dimension = 2
: N\ L
Non-singular Singular Singular
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More conceptual explanation of the null space

e FElaborate here
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Quiz: Null space of a matrix

Problem: Determine the dimension of the null space of the following two

matrices

Matrix 1
5 1
-1 3

Matrix 2
2 | -1
6 3
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Solutions: Null space of a matrix

Matrix 1: Notice that this is a non-singular matrix, since the determinant ' 5 1

is 16. Therefore, the null space is only the point (0,0). The dimension is -1.°3
0.

Matrix 2: The corresponding system of equation has the equations 2a- 2 -1
b=0 and -6a+3b=0. Some inspection shows that the first equation has 6 3

the points (1,2), (2,4), (3,6), etc. as solutions. All of them are also
solutions to the second equation, -6a+3b=0. Therefore the null space is
all the points of the form (x, 2x). The dimension of this null space is 1,
and the matrix is singular.
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Systems of linear equations
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Systems of linear equations

System 1
ca+b+c=0
ca+2b+c=0

cea+b+2c=0

®@DeeplLearning.Al



Systems of linear equations

System 1 System 2

cat+tb+c=0 ca+tb+c=0
ca+2b+c=0 ca+b+2c=0
cat+tb+2c=0 ca+b+3c=0

®@DeeplLearning.Al



Systems of linear equations

System 1 System 2 System 3
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0
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Systems of linear equations

System 1 System 2 System 3 System 4

cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
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Systems of linear equations

System 1 System 2 System 3 System 4

cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
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Systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0

1 1 1 1 1 1

1 2 1 1 1 2

1 1 2 1 1 3
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Systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0

1 1 1 1 1 1 1 1 1

1 2 1 1 1 2 2 2 2

1 1 2 1 1 3 3 3 3
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Systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
1 1 1 1 1 1 1 1 1 0 0 0
1 2 1 1 1 2 2 2 2 0 0 0
1 1 2 1 1 3 3 3 3 0 0 0
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Null space for systems of linear equations

System 1 System 2 System 3 System 4

cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
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Null space for systems of linear equations

System 1 System 2 System 3 System 4

cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0

Solution space
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Null space for systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
Solution space Solution space

O
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Null space for systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
Solution space Solution space Solution space
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Null space for systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
Solution space Solution space Solution space Solution space

y _/

®@DeeplLearning.Al
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Null space for systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
Solution space Solution space Solution space Solution space

y _/

®@DeeplLearning.Al
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Null space for systems of linear equations

System 1 System 2 System 3 System 4

cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0

ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0

cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0

Solution space Solution space Solution space Solution space
- N 4@ @

Dimension =0 Dimension =1
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Null space for systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+b+c=0 ca+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+b+2c=0 e2a+2b+2c=0 *0a+0b+0c=0
ca+b+2c=0 ca+b+3c=0 «+3a+3b+3c=0 *0a+0b+0c=0
Solution space Solution space Solution space Solution space

. .
Dimension =0 Dimension =1 Dimension = 2

®@DeeplLearning.Al



Null space for systems of linear equations

System 1 System 2 System 3 System 4
cat+tb+c=0 ca+tb+c=0 cat+tb+c=0 *0a+0b+0c=0
ca+2b+c=0 ca+tb+2c=0 *2a+2b+2c=0 «0a+0b+0c=0
cat+tb+2c=0 ca+b+3c=0 +3a+3b+3c=0 *0a+0b+0c=0
Solution space Solution space Solution space Solution space

y _/

Dimension =0 Dimension =1 Dimension =2 Dimension =3
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Null space for matrices

Matrix 1
1 1 1
1 2 1
1 1 2
Null space
O

Dimension =0

Matrix 2
1 1 1
1 1 2
1 1 3
Null space

Dimension =1

Matrix 3
1 1
2 2 2
3 3 3
Null space

Dimension =2

Matrix 4
0 0 0
0 0 0
0 0 0
Null space

y _/

Dimension =3
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Quiz: Null space

Problem: Determine the dimension of the null space for the following matrices.
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Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.
1 0o 1 1 1 1 1 1 1

0o 1 0 1T 1 2 o 2 2
3 2 3 0 0 -1 0 0 3
ea+c=0 cat+tb+c=0 ca+b+c=0
eb=0 ca+b+2c=0 «2b+2c=0
+3a+2b+3c=0 +c=0 «3c=0

@ DeepLearning.Al



Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.

1 0 1 1 1 1 1 1 1

0 1 0 1 1 2 0 2 2
3 2 3 0 0 -1 0 0 3
ea+c=0 cat+tb+c=0 ca+b+c=0
eb=0 ca+b+2c=0 «2b+2c=0
+3a+2b+3c=0 +c=0 «3c=0

All points of the form
(X,O, - x)
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Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.

1 0 1 1 1 1 1 1 1

0 1 0 1 1 2 0 2 2
3 2 3 0 0 -1 0 0 3
ea+c=0 cat+tb+c=0 ca+b+c=0
eb=0 ca+b+2c=0 «2b+2c=0
+3a+2b+3c=0 +c=0 «3c=0

All points of the form
(X,O, - x)

Dimension =1
DeeplLearning.Al
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Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.

1 0 1 1 1 1 1 1 1

0 1 0 1 1 2 0 2 2
3 2 3 0 0 -1 0 0 3
ca+c=0 ca+b+c=0 ea+b+c=0
eb=0 ca+b+2c=0 «2b+2c=0
*3a+2b+3c=0 +c=0 e 3c=0
All points of the form All points of the form

(X,O,—x) (xa_-x90)

Dimension =1
@ DeepLearning.Al



Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.

1 0 1 1 1 1 1 1 1

0 1 0 1 1 2 0 2 2
3 2 3 0 0 -1 0 0 3
ca+c=0 ca+b+c=0 ea+b+c=0
eb=0 ca+b+2c=0 «2b+2c=0
*3a+2b+3c=0 +c=0 e 3c=0
All points of the form All points of the form

(X,O,—x) (xa_-x90)

Dimension =1

Dimension =1
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Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.

1 0 1 1 1 1 1 1 1
0 1 0 1 1 2 0 2 2
3 2 3 0 0 -1 0 0 3
ca+c=0 ca+b+c=0 ea+b+c=0
eb=0 ca+b+2c=0 «2b+2c=0
+3a+2b+3c=0 +c=0 e 3c=0

All points of the form All points of the form The point

(x,0, — x) (x, — x,0) (0,0,0)

Dimension =1 Dimension =1
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Solution: Null space

Problem: Determine the dimension of the null space for the following matrices.

1 0 1
0 1 0
3 2 3
ca+c=0
*b=0

*3a+2b+3c=0

All points of the form
(-xaoa - x)

Dimension =1

1 1 1
1 1 2
0 0 -1

ca+b+c=0
cea+b+2c=0
ec=0

All points of the form
(x, —x,0)
Dimension =1

1 1 1
0 2 2
0 0 3

ca+b+c=0
*2b+2c=0
*«3c=0

The point
(0,0,0)

Dimension=0
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Null space

b
J‘ w‘ a+2b

3atb

— — hi‘ — ————— ]ﬂi‘)

v v
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Null space

b
J‘ w‘ a+2b

3atb

— — hi‘ — ————— ]ﬂi‘)

v v

®@DeeplLearning.Al



Null space

J‘b ; w‘ a+2b
0 1
b v
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Null space

J‘b ; w‘ a+2b
0 1
b v
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Null space
J‘b

v v
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Null space
J‘b

v v
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Null space

4b QY a+2p

v v
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Null space

4b QY a+2p

v v
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Null space
@Y, a+2b

~e_

v v
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Null space
@Y, a+2b

~e_

v v
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Null space
J‘b m WY, a+2b
‘0 o0

e 4

AN 2
< \\ < ’e!

e

v v
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Null space .
1 RIRAT I Wpez
2 .20 0
e 2 4
\\ . 12 )
< L Y
e 2 [«
~_ W =
N
v v
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Null space
Db

v

a+2b

a+2b

v

w
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Null space
Db

v

a+2b

a+2b

v

w
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Null space
Db

v

a+2b

a+2b

v

w
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Null space
Db

v

a+2b

a+2b

v

w
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Null space
Db

a+2b

a+2b

v

v

w
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Null space
Db

v

@Y a+2p

‘a+2b

v

W
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Null space
Db

v

@Y a+2p

‘a+2b

v

W
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Null space .
Db @Y a+2b
+ 0 0 0 _ T
! 0 0 0
F
El B
. a-- R
< o »‘- = < 7 !;)
° 4 (3 1
©)
v v
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Null space
Db ® J
+ 0 0 0
! 0 0 0
F
El B
- 28
al A 4 o
® o 4
° 4 3
3
3
v

QY a+2b

a+2b

v

w
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Null space

Non-singular

® J
R
2

Rank = 2

Dimension =0

Singular

® J
i i
22

Rank =1

Dimension = 1

Singular

® J
0o
0o

Rank =0

Dimension = 2
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Dot product as an area
¥
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space
Db

‘3a+b

v v
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Row space

Non-singular Singular Singular

® J ® J ® J
R i i 0o
2 22 0o

Rank = 2 Rank =1 Rank =0

Dimension = 2 Dimension = 1 Dimension =0
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Orthogonal matrix

%
1 (0,0) —=» (0,0)
‘ a  (10) = (6.2)
G | o ‘ (0,1) =» (-1,3) 4
1 (1,1) =» (5,5)
J v
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Orthogonal matrix
Db

E 3

® J
6 -1
23

a (1.0)=» (62 _
0,1) = (-1,3)

L 8 v
v
®@DeeplLearning.Al



Orthogonal matrices have orthogonal columns
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Orthogonal matrix

A
A 1
(0,00 —» (0,0)
‘ (1,00 —» (0.7071,0.7071)
4 | | | | | | | | —> (0,1) — (-0.7071,0.7071) 4
1 (1,1) — (0,1.4142)
v
&
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Linear equation in 2 variables -> Line)
2b

b
4 A
a+b=10 a+2b=12
+——)— »a® + »a®
v v
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Linear equation in 2 variables -> Line)b
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a+b =10 a+2b=12
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a+b=10

v v

®@DeeplLearning.Al



Linear equation in 3 variables -> Plane
A

a+b+c=1 JC
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Linear equation in 3 variables -> Plane
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a+b+c=1 JC
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v
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Linear equation in 3 variables -> Plane
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Linear equation in 3 variables -> Plane
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Linear equation in 3 variables -> Plane
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Linear equation in 3 variables -> Plane
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Linear equation in 3 variables -> Plane
A

3a-5b+2c=0 dc

,0,0)
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Linear equation in 3 variables -> Plane

3a-5b+2c=0
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Linear equation in 3 variables -> Plane

3a-5b+2c=0
3(0) +5(0) +2(0) =0
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System 1

2b
System 1 A
ca+b+c=0

dc
ca+2b+c=0
a+b+2c=0 (0,0,0)
<€ »a@®
v
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System 1 "

System 1 A

ca+b+c=0 @ Jc

ca+2b+c=0

a+b+2c=0 (0,0,0)
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System 1

System 1
ca+b+c=0

ca+2b+c=0

ca+b+2c=0 @

Solution space

. a
b
. C

1
SO O
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System 1

System 1
ca+b+c=0

ca+2b+c=0

ca+b+2c=0 @

Solution space The point
ca=0 (0,0,0)
-b=0

.c=0
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ca+b+c=0
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Solution space
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System 2
ca+b+c=0
ca+b+2c=0

a+b+3c=0 @

Solution space All points of the form
.c=0 (x, —x,0)
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